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Navier–Stokes Predictions of Pitch Damping
for Axisymmetric Projectiles
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An approach for predicting the pitch-damping coef� cient sum for axisymmetric � ight bodies is presented. The
approach utilizes a speci� c combination of spinning and coning motions that allows the pitch-damping force
and moment coef� cient to be directly related to the aerodynamic side force and moment. The use of combined
spinning and coning motion represents an improvement over existing techniques that utilize lunar coning motion
for predicting the pitch-damping coef� cients. A parabolized Navier–Stokes approach that utilizes a missile-� xed,
noninertial rotatingcoordinateframe is applied to predict the � ow� elds aboutaxisymmetricprojectiles undergoing
steady coning motion. The governing equationsare modi� ed to include the centrifugal and Coriolis force terms due
to the rotating coordinate frame. From the computed � ow� eld, the side force and moment due to coning motion,
spinning motion, and combined spinning and coning motion are used to determine the pitch-damping coef� cients.
Computationsare performed for a generic shell con� guration(with and without boattail), and the predictions show
good agreement with an existing inviscid code. The comparisons of computational results for a family of ogive-
cylinder con� gurationswith aerodynamicsrangedata showexcellent agreement and further validatethe approach.

Nomenclature
a = speed of sound
Cm = pitching moment coef� cient
Cmq Cm = pitch-damping moment coef� cient
Cm = slope of the pitching moment coef� cient with

angle of attack
CNq CN = pitch-damping force coef� cient
CN = slope of the normal force coef� cient with

angle of attack
Cn = side moment coef� cient
Cn p = Magnus moment coef� cient
Cn = slope of the side moment coef� cient

with coning rate
D = projectile diameter
E F G = inviscid � ux vectors in transformed coordinates
e = total energy per unit volume, nondimensionalized

by a2

H = source term resulting from rotating coordinate
frame

J = Jacobian
L = projectile body length
l = characteristic length, typically the projectile

diameter
M = freestream Mach number
P = pressure, as used in thin-layer Navier–Stokes

equations, nondimensionalizedby a2

Pr = Prandtl number
Prt = turbulent Prandtl number
p = spin rate in nonrolling coordinate frame, as used

in the aerodynamicmoment equations and
coef� cients
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Re = Reynolds number, a D
r = radial coordinate, nondimensionalizedby D
S = viscous � ux vector in transformed coordinates
s = distance downrange
scg = center of gravity shift, calibers
t = time
U V W = contravariant velocities of the transformed

Navier–Stokes equations
u = velocity components in x , y, and z directions,

nondimensionalizedby a
V = freestream velocity used to nondimensionalizethe

coning rate, spin rate, and aerodynamiccoef� cients
x y z = axial, horizontal, and vertical coordinates

with respect to the body
xcg = axial location of projectile center of gravity

with respect to the axial coordinate x
= vertical component of angle of attack in nonrolling

coordinates
t = total angle of attack, 2 2

= horizontal component of angle of attack in
nonrolling coordinates

= ratio of speci� c heats, as used in Navier–Stokes
equations; cosine of the total angle of attack, as
used in aerodynamic force and moment
formulations

= sine of the total angle of attack
= laminar viscosity

t = effective turbulent eddy viscosity
= transformed coordinates in Navier–Stokes

equations
= complex quantity representing the components of

the sine of the angle of attack with respect to the
nonrolling coordinate frame

= density, normalized by
= circumferential coordinate as measured from

vertical axis
= coning rate of projectile

D V = nondimensional coning rate
c = coning rate of projectile, nondimensionalized

by a D
= spin rate in coning reference frame
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Subscript

= quantity evaluated at freestream condition

Superscripts

= rate of change with respect to time
= rate of change with respect to space
= quantity referenced to the nonrolling coordinate

frame

Introduction

P REDICTION of the in-� ight motion of projectiles requires the
determinationof the aerodynamic forces and moments that act

on the body. These aerodynamic forces and moments may be deter-
mined by experimentalor theoreticalmeans, such as computational
� uid dynamics (CFD). From a computational standpoint, much of
the research effort has focused on determining the static aerody-
namics such as drag and pitching moment. Only a limited num-
ber of studies have focused on numerical prediction of dynamic
aerodynamicderivatives such as pitch-dampingforce and moment.
In the current research effort, a parabolized Navier–Stokes (PNS)
technique has been adapted to predict the pitch-damping force and
moment using steady coning motion.

By applying linear � ight mechanics theory, e.g., Ref. 1, it can be
shown that aerodynamic side force and moment coef� cients acting
on a projectile in steady coning motion can be related to the pitch-
damping force and moment coef� cients. In steady coning motion,
the longitudinalaxis of the missile performs a rotation at a constant
angular velocity about a line parallel to the freestream velocityvec-
tor and coincident with the projectile center of gravity (c.g.), while
oriented at a constant angle with respect to the freestream velocity
vector, as schematically shown in Fig. 1. The use of steady coning
motion to determine the pitch-damping aerodynamic coef� cients
provides an interesting and cost-effective approach for determin-
ing the aerodynamicsthat are normally associatedwith unsteady or
time-dependentmotions.

Previously,Tobak et al.2 examined the aerodynamicsof bodiesof
revolution in coning motion and proposed that the nonlinear aero-
dynamic forces and moments acting on a body performing large
amplitude nonplanar motions could be composed of four charac-
teristic motions: 1) steady angle of attack, 2) pitching motion, 3)
rolling motion, and 4) coning motion. Typically, the linear aero-
dynamic force and moment formulation considers only forces and
moments due to the � rst threemotionsand assumes that a nonplanar
motion can be described by the vector sum of two independentpla-
nar motions. The addition of coning motion allows for coupling be-
tween planar motions in the nonlinear formulation.Their nonlinear
theory2 also con� rms the linear theory result that the side force and
moment due to coning motion is related to the linear pitch-damping
coef� cients.

To provide additionalvalidationfor the theory,Schiff and Tobak3

performed wind-tunnel experiments on a conical body undergoing
separate or combined spinning and coning motions. Their results
showed that, at low angles of attack, the slopes of the side force and
moment with angle of attack normalized by the coning rate were
in good agreement with predictions of the damping-in-pitch force
and moment coef� cientsobtainedusing linearizedtheory.They also
demonstrated that the Magnus force and moment (variation of side
forceand momentwith spin rateand angleof attack) was small; thus,
the linear pitch-dampingcoef� cients could be determined from the
side force and moment due to coning alone.

Subsequently, Schiff 4 computed the supersonic inviscid � ow
about a conical body undergoing coning motion. To compute the

Fig. 1 Schematic of coning motion.

� ow around the body in coning motion, Schiff made use of a rotat-
ing coordinateframe. Within the rotatingcoordinateframe, the � ow
was steady; thus, the steady Euler equations could be solved. The
governing equations were modi� ed to include the centrifugal and
Coriolis force terms. His computed results4 compared well with ex-
perimental results and with estimates of pitch-dampingcoef� cients
using a linear theory. Later studies by other researchers also em-
ployedrotatingcoordinateframes to computethe supersonicviscous
� ow about conical bodies in coning motion.5 6 More recently, com-
putations for � nned projectiles in coning motion7 were performed
to determine the pitch-damping coef� cients.

In each of the previous efforts, the pitch-damping coef� cients
were determined from the side moment due to steady lunar coning
motion, which required the Magnus moment to be neglected. The
predictionsof the pitch-dampingcoef� cientspresented in thispaper
weredeterminedfrom the sidemomentdue to a speci� c combination
of spinning and coning motion, which allows the side moment due
to this motion to be directly related to the pitch-damping force and
moment coef� cients. These motions will be de� ned in more detail
in the next section.

In the current paper, predictionsof pitch-dampingfor an axisym-
metric shell were made using combined spinning and coning mo-
tions. The � ow� eld about these projectiles in steady coning mo-
tion has been successfully computed using a PNS computational
approach.8 The computationsare performed in a rotatingcoordinate
frame similar to that employedoriginallyby Schiff.4 Code modi� ca-
tion required to implement the rotating coordinate frame, including
the additionof the centrifugaland Coriolissourcetermsand changes
to the shock-� tting algorithm, are discussed. From the computed
� ow� eld, the side moments due to coning motion, spinningmotion,
and combinedspinningand coningmotion are used to determinethe
pitch-damping coef� cient. Computations have been performed for
two genericshell con� gurations,a secant-ogive-cylinder(SOC) and
a secant-ogive-cylinder-boattail (SOCBT) con� guration. The PNS
predictionsaremadeforvariouslength-to-diameterratiosandsuper-
sonicMach numbersand are comparedwith predictionsmade using
a previously reported Euler code.4 Results are also presented for a
series of ogive-cylindercon� gurations that have been � red through
an aerodynamics range located at the former U.S. Army Ballistic
Research Laboratory (now part of the U.S. Army Research Labora-
tory). Comparisons between PNS results and range data are made.

Theoretical Background
In this section, the moment expansion of a symmetric missile

is � rst introduced. Two types of coning motion are described and
related to the pitching motion of the missile body. Finally, the mo-
ments produced by both types of coning motion are related to the
various moment components in the moment expansion. In particu-
lar, the pitch-damping moment is related to the side moment due to
coning motion.

Moment Expansion
It iscommonin aeroballisticapplicationsto utilizea missile-� xed,

nonrollingcoordinatesystemto describeboth the kinematicsand the
systemof forcesandmomentsthat act on theprojectilein � ight.1 The
nonrollingcoordinate system affords some simpli� cations, particu-
larly in describing the kinematics. In this paper, the primary reason
for initially describing the aerodynamic moments using the non-
rolling coordinate system is that the description is well established.
The nonrollingcoordinate frame is an orthogonal right-handedsys-
tem (x y z) centered at the body c.g. The x axis is aligned along
the projectile longitudinal axis with the positive direction oriented
toward the projectilenose.The z axis is initiallyorienteddownward
with the x – z plane perpendicular to the ground. The angular mo-
tion of the nonrolling coordinate frame is such that, with respect
to an inertial frame, the x component of the coordinate frame’s an-
gular velocity is zero. Although the time-dependent orientation of
the nonrolling frame may be hard to visualize, the nonrolling frame
is essentially equivalent to the � xed-plane coordinate system for
small amplitude motions. In the � xed-plane coordinate system, the
x –z plane remains perpendicular to the ground for all time. Further
details on these coordinate frames can be found in Ref. 1.
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The moment expansion1 for a symmetricmissile in the nonrolling
coordinate frame is

Cm iCn pl V Cnp iCm i Cmq Cm

(1)

The moment formulation uses complex variables to separate the
moment components,Cm and Cn , that are orientedalong the y and z
axes, respectively. The third moment component, the roll moment,
can be handled separately and is not of consequencein this study.

In the moment expansion, the pitching moment coef� cient slope
Cm and pitch-damping moment coef� cient Cmq Cm produce
moments that areproportionalto the complexyaw and yawing rate

, respectively. (In the analysis presented, there is no need to dis-
tinguishbetween pitch and yaw and the terms may be interchanged.
The usage follows that of Murphy.1 ) The Magnus moment coef� -
cientCn p accountsfor a side moment due to � ow asymmetriesfrom
a combination of spin and angle of attack.

Experimentalproceduresto determineboth thepitchingand Mag-
nus moments are conceptually easy to devise because these mo-
ments depend on the angle of attack and not the angular rate. For
instance,thepitchingand Magnusmoments can be determinedfrom
wind-tunnel measurements of pitch-plane and side moments on a
spinning � ight body held at a � xed angle of attack. Because this
is a steady motion for axisymmetric bodies, computationalanalogs
based on steady � ow techniquescan be easily implemented. In con-
trast, the pitch-damping moment is produced by the angular rate,
which seems to imply that a time-dependent motion is required to
produce the moment. One obvious unsteady motion that might be
considered is a planar constant amplitude pitching motion. Exper-
iments and computational approaches can be devised to determine
the pitch-dampingmoment from unsteady motions, but this may be
an unnecessary complication. It is possible to devise motions that
still produce an angular rate, but when viewed in the appropriate
coordinate system, are steady motions. Coning motion represents
one such motion.

Relation Between Coning and Pitching Motions
As was discussed earlier, in steady coning motion, the longitu-

dinal axis of the missile performs a rotation at a constant angular
velocity about a line parallel to the freestream velocity vector and
coincidentwith the projectile c.g. while oriented at a constant angle
with respect to the freestreamvelocity vector. The motion is shown
schematically in Fig. 1. In this context, coning motion also requires
the c.g. to traverse a rectilinear path at constant velocity. With re-
spect to the nonrollingcoordinateframe, the vertical and horizontal
components of the angle of attack, and , vary in a periodic fash-
ion as the projectile rotates about the freestream velocity vector.
However, the total angle of attack, t

2 2 , is constant.
Both of these components of the angle of attack, when plotted

as a function of time, are sinusoidal, constant amplitude pitching
motions that are out of phase with each other by one-quarter of
a cycle. By decomposing coning motion in this fashion, it can be
observed that coning motion contains a speci� c linear combination
of two orthogonal planar pitching motions. As will be shown later,
this particularcombinationof planar pitching motions yields a non-
zero angular rate, which is a requirement for producing the pitch-
damping moment.

The phrase “steady coning motion” describes the rotation of the
longitudinalaxisof thebodyabout the freestreamvelocityvectorbut
does not completely describe the motion of the body. In particular,
the projectile may rotate (or spin) about its longitudinal axis. Two
particular forms of coning motion, steady lunar coning motion and
steady combined spinning and coning motion, are utilized.The two
motions differ in their treatment of the angular velocity about the
longitudinal axis.

In steady lunar coning motion, the angular velocity of the pro-
jectile results purely from the rotation of the projectile about the
freestreamvelocityvector. The angular velocityof the projectile in-
cludes a component along the projectile’s longitudinal axis, which
by de� nition is the spin rate of the projectile in the nonrolling
coordinate system. The relation between spin rate p and coning
rate for the case of steady lunar coning motion is

p cos t (2)

In steady combined spinning and coning motion, the angular ve-
locity of the projectile consists of the vector sum of two angular
velocity vectors. The � rst vector produces a rotation of the projec-
tile’s longitudinalaxis about the freestream velocity vector (coning
motion) , and the secondproducesa rotationof the projectileabout
its longitudinalaxis (spinning motion) . In general, there is no re-
quirementfor the spin rate to be coupledto theconingrate.However,
in this context, combined spinning and coning motion requires that

be equal in magnitude but opposite in sign to the component of
along the longitudinalaxis, cos t . In this case, the total

angular velocity of the body about the longitudinal axis is zero;
hence, the spin rate in the nonrolling coordinate system is zero:

p 0 (3)

By specifying both the coning rate and the spin rate, the projec-
tile angular motion is now completely de� ned. For the particular
case of steady lunar coning, the motion can be decomposed into a
combinationof two orthogonalplanar pitchingmotions,plus a spin-
ning motion at angle of attack. Likewise, steady combined spinning
and coningmotion can be decomposedinto two orthogonalpitching
motions.

Planar pitching motion is clearly a time-dependent motion that
produces a time-dependent � ow� eld about the projectile. Steady
lunar coning motion, on the other hand, should produce a steady
� ow� eld when viewed from the appropriatecoordinate frame, such
as the coning coordinate frame. In the coning frame, the x axis is
aligned with the longitudinal axis of the missile and is identical to
the x axis in the nonrolling frame. The plane formed by the x axis
and z axis in the coning frame is parallel to the pitch plane. The
y axis is oriented normal to the pitch plane so that an orthogonal
right-handedcoordinate system is formed.

For steady lunar coning motion, the coning frame and the body
rotate at the same angular velocity; thus, there is no rotation of the
pitch plane with respect to the body. Because the boundary condi-
tions in the coning frame do not introduceany time dependencyinto
the problem, when observed from the coning reference frame, the
resulting � ow� eld is expected to be steadyfor small anglesof attack
and for small coning rates. It is important to realize that because the
coning frame is rotating at a constant angular velocity and because
the body does not rotate with respect to the coning frame of refer-
ence, there is no requirement for the body to have any special forms
of geometric symmetry, i.e., axisymmetry, for steady � ow to exist.
Steady � ow modeling techniques can be applied to determine the
� ow� eld due to steady lunar coning motion under the constraints
that both the coning rate and the angle of attack are small. (Clearly,
the � ow may become unsteadyat high coning rates or high anglesof
attack,in much the sameway the � owover a bodyat � xedangleof at-
tack at high incidencecan becomeunsteadydue to vortexshedding.)

For the case of steady combined spinning and coning motion, the
body will rotate in the coningreferenceframe with a rate of rotation,
which is proportional to the coning rate, cos t . This ro-
tation does not produce a time-dependent boundary condition for
axisymmetric bodies, and a steady � ow� eld can exist. However,
for nonaxisymmetric bodies, the rotation of the body in the coning
reference frame will produce a time-dependent(periodic) boundary
conditionand � ow� eld. Thus, when combined spinningand coning
motion is utilized, a steady � ow� eld is only possible for axisym-
metric bodies.

The steady nature of the � ow in the coning frame makes the con-
ing frame a desirable coordinate system for performing the � uid
dynamic computations. Because the coning reference frame is a
noninertial system due to the rotation of the coordinate system, the
governing equations for the � uid dynamics must be modi� ed. Fur-
ther detailson the implementationof the rotatingframe are provided
in the discussion of the computational approach.

Relation Between Side Moment Due to Coning
and Pitch-Damping Moment

To develop the relation between the side moment due to coning
motion and the pitch-damping moment coef� cient, it is convenient
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to resolve the moment components in nonrolling coordinates into
moment components in the coning coordinate frame. The relation-
ship between the transverse moments in the nonrolling frame and
the coning frame, as well as the relations for the complex angle of
attack and angular rate are shown in Eq. (4). These relations, valid
for steady coning motion, have been simpli� ed from the general
case of arbitrary motion9:

Cm iCn ie i t Cm iCn ei t

(4)
d

d s l
i

l

V
ei t

The moment formulation cast in terms of the in-plane and side
moments can be written as follows:

Cm iCn Cm i pl V Cnp l V Cmq Cm

(5)

The resulting expression for the in-planeand side moments is inde-
pendentof time for the case of steady coning and spinningmotions.
The in-plane moment (real part) results only from the pitching mo-
ment, whereasthe total side moment (complexpart) consistsof con-
tributions from the Magnus moment and pitch-damping moment.
For the two types of coning motion of interest, the side moment
assumes a particular form depending on the spin rate.

Side Moment for Lunar Coning Motion
As already discussed, with respect to the nonrolling coordinate

system, lunar coning motion produces a component of angular ve-
locity along the longitudinalaxis of the missile, which by de� nition
is the spin rate of the projectile [Eq. (2)]. For this type of coning
motion, the side moment can be written as

Cn l V Cnp Cmq Cm (6)

The notation can be simpli� ed by noting that the right-hand side
(RHS) of Eq. (6) is simply the variationof side moment with coning
rate, valid for linear variationsof side moment with coning rate,

Cn
Cn

l V
Cnp Cmq Cm (7)

This relation is identical to that presented by Schiff and Tobak3

for bodies of revolution. Equation (7) relates the variation of the
side moment with coning rate Cn to the pitch-damping coef� cient
[Cmq Cm ] and the Magnus moment coef� cient Cnp . Assuming
that Cn and Cnp can be determined, this relation will allow the
pitch-damping coef� cient to be determined.

Despite the fact that lunar coning motion requires that Cnp be
determined (or assumed negligible) to determine the pitch-damping
coef� cient, this motion is useful. Because the body does not rotate
with respect to the pitch plane while undergoingconing motion, the
� ow, when observed in the coning coordinate frame, will be steady
for axisymmetric and nonaxisymmetricbodies. In many cases, par-
ticularly in supersonic � ow, Cnp may be neglected without any
appreciable loss of accuracy. This approach has been recently ap-
plied to predict the pitch damping for six-� nned projectiles.7 Note
that nonaxisymmetricbodieswith aerodynamiccoef� cients that ex-
hibit a signi� cant dependence on roll angle may need to be treated
with a more general aerodynamicformulation10 11 than is presented
here.

Side Moment for Combined Spinning and Coning Motion
The second type of coning motion uses a speci� c combination

of coning and spinning motions to cause the component of the total
angular velocity along the longitudinal axis of the missile to be
zero. In other words, both the nonrolling coordinate frame and a
body � xed coordinate frame will not rotate with respect to each
other. Thus, the spin rate of the projectile, as observed from the
nonrolling coordinates, is zero [Eq. (3)].

Note, however, that the coning coordinate frame rotates with re-
spect to the nonrollingcoordinate frame and the body-� xed coordi-
nate frame. In the coning coordinate frame, then, the body appears
to perform a spinning motion because the body-� xed coordinate
system rotates with respect to the coning coordinate frame. The
spin rate in the coning coordinate frame will be . This
motion is called combined spinning and coning motion, because
in the coning frame (which is the coordinate frame in which the
computations are performed) the motion is a speci� c combination
of spinning and coning motion. In the coning frame, this motion is
a steady motion for axisymmetricbodies only. The presenceof spin
and angleof attack producesa periodicmotion for nonaxisymmetric
bodies, thereby eliminating steady � ow computational approaches
from consideration.

For this type of coning motion, the side moment can be written as

Cn l V Cmq Cm (8)

In this case, the side moment is directly proportional to the pitch-
damping moment coef� cient. In contrast to side moment due to
lunar coning motion [Eq. (6)], no Magnus moment term appears
here. Despite the simplicity of this expression, the Magnus effect
has not been entirely removed from the problem. In the coning
frame, the combination of angle of attack from the coning motion
and the spinning motion produce a Magnus-like effect. Thus, any
approach, whether it be computational or experimental, that uses
this motion must be capable of modeling both of these effects. For
example, a coarse grid CFD computation that does not resolve the
viscous effects suf� ciently to properly model the Magnus problem
will producepitch-dampingresultsthatwill be in error by thedegree
to which Cnp is improperly determined.

Side Force due to Coning Motions
Similar expressionsrelating side force due to coning to the pitch-

dampingforce coef� cientcanbedevelopedusingthe sameapproach
used in analyzing the moments. The resulting expressions for the
side force coef� cients are similar in form to the expressions for the
correspondingside moment coef� cients for both types of motions.

For thecaseof lunarconingmotion,theslopeof theside forcewith
coning rate CY is a function of the pitch-damping force coef� cient
CNq CN and the Magnus force coef� cient CYp :

CY CY p CNq CN (9)

Like the side moment due to lunar coning motion, determining the
pitch-damping force coef� cient from the side force due to lunar
coning requires that the Magnus term be ignored or determined
from another source.

For combined spinning and coning motion, the slope of the side
force with coning rate CY can be directly related to the pitch-dam-
ping force coef� cient CNq CN :

CY CNq CN (10)

Determination of the Pitch-Damping Coef� cients
The particularapproachdiscussedhere for determiningthe pitch-

damping coef� cients requires that the side force and moment due to
coning (CY and Cn ) be determined. By computing the side force
and moment for at least two different coning rates, the variation
of side force and moment can be determined. If steady combined
spinning and coning motion is used, the pitch-dampingcoef� cients
are easily determined because these coef� cients are directly pro-
portional to the side force and moment due to coning as shown in
Eqs. (8) and (10). On the other hand, if steady lunar coning mo-
tion is used, the Magnus force and moment must be determined
from another source before the pitch-damping coef� cients can be
determined [Eqs. (7) and (9)]. Often the Magnus force and moment
are small in relation to the pitch-damping coef� cients and can be
ignored when determining the pitch-damping coef� cients from the
side force and moment due to steady lunar coning motion.

Because many projectileand missile applicationsdeal with small
amplitude motions, it is customary to linearize the equations of
motion. Thus, the pitch-damping force and moment coef� cients
often appear as CNq CN and Cmq Cm because the cosine
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of the angle of attack is nearly 1. This notation is adopted in the
remainder of this paper.

Finally, because the results were obtained using steady motions,
the two types of coning motion are referred to as lunar coning mo-
tion and combinedspinningand coningmotion in later sectionswith
the understanding that these are, in fact, steady motions.

Computational Approach
Computation of the viscous � ow� eld about the axisymmetric

shell con� gurations was accomplished by solving the thin-layer
Navier–Stokes equationsusing a PNS technique.The computations
were performed in a coordinate frame that rotates at the coning
rate of the projectile. The � uid � ow relative to the rotating coordi-
nate frame does not vary with time, allowing the steady (non-time-
varying) Navier–Stokes equationsto be applied.The solutionof the
steady Navier–Stokes equations can be performed at a reasonable
computationalcost. The steady, thin-layerNavier–Stokes equations
in cylindrical coordinate form are

E E E
Hc H

1
Re

S
Sc (11)

This form of the governing equations incorporates the effects of
the centrifugal and Coriolis forces from the rotating coordinate
frame through the source term H. Each of these vectors are func-
tions of the dependent variables represented by the vector qT

u e . The inviscid � ux and source terms are shown in
Eq. (12). Details regarding the viscous terms S and Sc can be found
in Refs. 8 and 12:

E
1
J

U

uU x P

U

U

e P U

F
1
J

V

uV x P

V P r

V r P

e P V

G
1
J

W

uW x P

W P r

W r P

e P W

(12)

Hc
1
Jr

u

2
2 2

e P

H
1
J

0

H2

H3

H4

H5

where

H2 r 2
c sin t cos t cos x xcg

2
c sin2

t

2 c sin t cos 2 c sin t sin

H3 x xcg
2
c sin t cos t sin r 2

c sin2
t cos sin

2 c cos t 2 c sin t cos u

H4 r 2
c sin2

t sin r 2
c cos2

t

x xcg
2
c sin t cos t cos

2 c sin t sin u 2 c cos t

H5 x xcg
2
c sin2

t cos2
t r 2

c sin t cos t cos u

x xcg
2
c cos t sin t sin r 2

c sin2
t cos sin

x xcg
2
c sin t cos t cos

r 2
c sin2

t sin2 r 2
c cos2

t (13)

U u x V u x r r
(14)

W u x r r

x
1
x x J r r J x r

r J x x J r r (15)

J x r r J x J
1

[x r r ]

The pressure P can be related to the dependent variables by ap-
plying the ideal gas law,

P 1 [e 2 u2 2 2 ] (16)

The turbulent viscosity t , which appears in the viscous matrices,
was computed using the Baldwin–Lomax turbulencemodel. 13

The thin-layer equationsare solved using a PNS technique.8 Fol-
lowing this approach, the governing equations, which have been
modi� ed here to include the Coriolis and centrifugal force terms,
are solved using a conservative, approximately factored, implicit
� nite difference numerical algorithm.14

Following the approachof Ref. 8, the equationsare � rst linearized
and placed in delta form, where the equations are solved for the
difference in the dependent variables rather than the variable itself.
This set of equations is then factored using the approach of Ref. 14.
The following set of equations is obtained:
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j
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c 1 Re S
j
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j

c (19)

The form of the equations, as well as the notation, is similar to
that used in Ref. 8, which should be consultedfor additionaldetails.
The important difference here is the addition of the matrices D
and H due to the rotating coordinatesystem. Although the Jacobian
matrix D can be included in either the circumferential inversion
or the normal inversion, including this term in the circumferential
inversion simpli� es slightly the implementationof the shock-� tting
boundaryconditions.Two additionalJacobianmatrices, Dc and Mc ,
appear in these equations and are due to the linearization of the
inviscid and viscous cylindrical coordinate source terms Hc and Sc .

The computations were performed using a shock-� tting proce-
dure.15 This proceduresolves the � ve Rankine–Hugoniot jump con-
ditions, two geometric shock-propagationconditions,and one com-
patibility equation to determine the values of the � ve dependent
variables immediately behind the shock, as well as the position of
the shock. By including the implicit part of the source term due to
the rotating coordinate frame in the circumferential inversion, the
existingshock-� tting procedure15 can be usedwithoutmodi� cation,
as long as the correct freestream conditions are speci� ed as shown
here in nondimensional form:

1 u M cos t r c sin t cos

M sin t cos r c cos t x xcg c sin t sin

M sin t cos x xcg c sin t cos

e 1 [ 1 ] 1
2

M2 r 2 2
c sin2

t cos2 cos2
t

2r x xcg
2
c cos t sin t sin

x xcg
2 2

c sin2
t (20)
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At the body surface, no-slip, constantwall temperatureboundary
conditionswere applied.For the caseswith spin, the circumferential
velocity was set equal to the local velocityof the body surfacedue
to solid body rotation.

The computational results were obtained using a grid that con-
sisted of 60 points between the body and the shock. In the circum-
ferential direction, gridding was performed over a 360-deg sector
because of the lack of symmetry from the combination of angle of
attack, spin, and coning motion. In the circumferentialdirection,36
grid points were used. In longitudinal direction, 78 marching steps
were utilized for each body diameter of length. To ensure adequate
grid resolution within the boundary layer, the grid spacing at the
body surface was adapted to maintain nondimensional boundary-
layer coordinate y between 2 and 3 in accordancewith previously
published results.16 Grid resolution studies showed less than 2%
variation in the computed pitch-damping coef� cient when the grid
resolutionwas decreasedby 25% in each of the three coordinatedi-
rections. Similarly, when the grid in the circumferentialand march-
ing directions was doubled and the grid in the radial direction was
increased by 50%, the computed pitch-damping coef� cient varied
by only 1%. The computationsfor the baselinegrid performedusing
a Cray Y-MP supercomputer typically required less than 10 min of
CPU time for complete calculation over a single con� guration.

Results
Computationswere performed to determine the aerodynamicsof

several axisymmetric shell con� gurations in steady coning motion.
The � rst set of predictions is for two generic shell con� gurations:
an SOC and an SOCBT. Calculationswere performed over a range
of Mach numbers and body lengths. The PNS results were com-
pared with Euler code results. A second set of results was obtained
for a series of ogive-cylinder con� gurations [Army–Navy spinner
rocket (ANSR)], which were � red through an aerodynamics range
located at the former Ballistic Research Laboratory. The computa-
tional resultsare comparedwith the aerodynamicsdetermined from
the in-� ight motion of the projectile.

Results for the SOC and SOCBT
A schematic of the SOCBT con� guration is shown in Fig. 2. The

SOC is identical to the SOCBT con� guration except that the boat-
tail is replaced by a cylinder. The PNS results were compared with
pitch-dampingresultsobtainedusingan inviscidcode.4 Resultswere
obtained for three body lengths (5, 6, and 7 calibers) and a range of
supersonicMach numbers.The c.g. positionused in the calculations
was located at 60% of the body length from the nose. The PNS re-
sultswere obtainedusing the combined spinningand coning motion
approach. The Euler results were obtained using lunar coning mo-
tion because the spin boundary condition required by the combined
spinning and coning motion is incompatible with the requirement
for zero shear at the body surface in the inviscid approach.

Figures 3 and 4 show the variation of the pitch-dampingmoment
coef� cient as a functionof Mach number for the three body lengths.
In the supersonic regime, the pitch-damping moment shows a de-
creasing trend with increasing Mach number. The inviscid results
at L D 7 show a maximum near Mach 2. The results also show
a signi� cant increase in the pitch-dampingmoment with increasing

Fig. 2 Schematic of the SOCBT con� guration. All dimensions are in
calibers (one caliber = 57.2 mm).

Fig. 3 Pitch-dampingmoment coef� cient vs Mach number for various
body lengths, SOC con� guration.

Fig. 4 Pitch-dampingmoment coef� cient vs Mach number for various
body lengths, SOCBT con� guration.

body length.The effect of the boattailis to reduce the pitch-damping
moment by 20–30% compared with the cylindrical afterbody.

The comparison of the pitch-damping moment predictions from
the PNS approach and the Euler approach shows differencesof less
than 4% acrossthe rangeof parametersconsidered.The small differ-
encesbetweenPNS and Euler predictionsare not surprisingbecause
the pitch damping appears to be primarily an inviscid phenomenon.
However, the degree of agreement between the PNS and inviscid
code is not an absolute indicator of the magnitude of viscous ef-
fects because there does appear to be some code-to-code variation
of the predicted pitch damping, which is on the order of the viscous
effect. The relevance of these differences is probably not signi� -
cant, especially in light of dif� culties in measuring this coef� cient
experimentally.

The PNS predictionsshown earlier were obtainedusing the com-
bined spinning and coning motion. This motion allows the pitch-
damping force and moment to be determined directly from the side
force and moment. As already mentioned, the accuracy of this ap-
proach depends on the degree to which the Magnus moment is ac-
curately predicted. In previous studies, a numerical capability for
determining Magnus force and moment at small angles of attack
has been already established.16 This capability is based on the same
numerical approach as applied here.

Figure 5 shows predictions of the Magnus moment coef� cient
for the SOCBT con� guration. The Magnus moment for the SOC
con� gurationis about70–80% of the SOCBT Magnusmoment. The
expected differences between using lunar coning motion and com-
bined spinning and coning motion to determine the pitch-damping
moment is the Magnus moment coef� cient. For the cases examined
here, the Magnus moment is less than 4% of the pitch-damping co-
ef� cient. The biggest differences were observed for the boattailed
con� guration, which has a larger Magnus moment and a smaller
pitch-dampingmoment than the SOC con� guration.Thus, using lu-
nar coning motion and ignoring the Magnus moment contribution
still yields accurate values of the pitch-damping coef� cient for the
con� gurations and conditions under considerationhere.

The predicted variation of the pitch-damping force coef� cient
with Mach number for the SOC con� guration is shown in Fig. 6.
These results were obtained from the side force due to combined
spinning and coning motion. The results show a strong decrease
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Fig. 5 Magnus moment coef� cient vs Mach number for various body
lengths, SOCBT con� guration.

Fig. 6 Pitch-damping force coef� cient vs Mach number for various
body lengths, SOC con� guration.

in the coef� cient with increasing Mach number across the range
of parameters examined. The results also show an increase in the
coef� cient with increasing body length. The PNS and Euler results
are in good agreement.

Results for the ANSR
Computations were performed for the ANSR series of projec-

tiles. These projectileswere � red in an aerodynamicsrange, and the
aerodynamicsdetermined from the projectilemotion.17 The projec-
tiles consistedof a 2-caliberogive nose with several different length
cylindricalbodies,as shown in Fig. 7. The total body lengthswere 5,
7, and 9 calibers. For each body length, projectileswere fabricated
and � red with three different c.g. locations. The use of projectiles
with different c.g. locations allowed the aerodynamic forces to be
determined from the variation of the aerodynamic moments with
c.g. location.

Figures 8 and 9 show the variation of the pitch-dampingmoment
coef� cient with c.g. location for the 5-, 7-, and 9-caliber bodies at
Mach 1.8 and Mach 2.5, respectively. In Figs. 8 and 9, the com-
puted results are compared with the experimental measurements.
The computational results are considered to be within the accuracy
of the experimental measurement and are typically bracketed by
the experimental data. For each body length, computations were
performed at each of three c.g. locations. Because the body rotates
about the c.g., each computation produced a unique � ow� eld and
pitch-damping coef� cient. These results are displayed by the trian-
gular symbols in both � gures. As well, once the aerodynamics of
a given con� guration are determined, the c.g. translation relations1

can be applied to predict the aerodynamiccoef� cients for the same
con� gurationwith a differentc.g. location.Several of theserelations
are shown as follows:

CN CN Cm Cm scgCN

CNq CN CNq CN scgCN (21)

Cmq Cm Cmq Cm scg CNq CN scgCm s2
cgCN

The aerodynamic coef� cients for the modi� ed con� guration are
denoted by the caret, whereas the aerodynamic coef� cients for the

Fig. 7 Schematic of the ANSR. All dimensions are in calibers (one
caliber = 20 mm).

Fig. 8 Pitch-damping moment coef� cient vs c.g. location, Mach 1.8,
ANSR.

Fig. 9 Pitch-damping moment coef� cient vs c.g. location, Mach 2.5,
ANSR.

baseline con� guration are shown on the RHS of the equations.The
c.g. shift scg is in calibers and is positive for a c.g. shift toward the
nose. Using these relations and the predicted aerodynamic coef� -
cientsfor the middlec.g.position, thevariationof the pitch-damping
moment coef� cientwith c.g. locationwasdetermined.This variation
is shownin Figs. 8 and 9 by the solid line.The differencebetweenthe
pitch-dampingmoment coef� cients predicted from the c.g. transla-
tion relations and determined from the direct computations is less
than 0.1%. The agreement between the two approaches serves as a
consistency check for the computational approach.

It is noted that at both Mach numbers, for the middle c.g. position
of the 9-caliberbody, there are several experimentaldata points that
deviate from the trend shown by the predictions and the apparent
trend shown by the experimental data. The cause of this deviation
is unknown.

As seenfromthec.g. translationrelations,Cm varieslinearlywith
thec.g.shift.The slopeof thevariationis thenormalforcecoef� cient
slopeCN . By � ringprojectileswith the sameexternalshapebutwith
different c.g. positions,CN can be determined from the variationof
Cm with c.g. location.A similar approachcan be used to determine
the pitch-damping force coef� cient from the variation of the pitch-
damping moment coef� cient with c.g. location. Because the pitch-
damping moment varies in a nonlinear fashion with the c.g. shift, a
modi� ed damping moment is de� ned as

Cmq Cm scgCm Cmq Cm scg CNq CN (22)
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When the left-hand side of this equation is plotted as a function of
c.g. shift, the results should be a line with slope equal to the pitch-
damping force coef� cient. For all practical purposes, the determi-
nation of the pitch-damping force from range � rings can only be
obtained from the variation of the pitch-damping moment with c.g.
locations because the pitch-damping force coef� cient contributes
little to the in-� ight motion of the projectile.Hence, direct determi-
nation is not practical.

From the c.g. variation of the pitch-damping moment, the pitch-
damping force coef� cient was determined from the experimental
measurements. Figure 10 shows the variation of the pitch-damping
force coef� cient with body length for the middle c.g. location. Note
that, unlike the normal force coef� cient, the pitch-damping force
varies with c.g. position.The agreementbetween the computational
predictions and experimental results are within the experimental
accuracyand show the correct variation with body length and Mach
number.

As mentioned, the pitch-damping predictions were obtained us-
ing the combined spinning and coning motion, which allows the
pitch-dampingforce and moment to be determineddirectlyfrom the
side force and moment. The expected differencesbetween applying
combinedspinningand coning motionsand lunar coningmotion are
re� ected in the Magnus moment coef� cient. In the current effort,
the Magnus force and moment have been computed for the ANSR
con� guration and comparison made with range data obtained from
the same seriesof � rings, as shown in Figs. 11and 12. The computed

Fig. 10 Pitch-damping force coef� cient vs body length, middle c.g.
location, ANSR.

Fig. 11 Magnus moment coef� cient vs c.g. location, Mach 1.8, ANSR.

Fig. 12 Magnus moment coef� cient vs c.g. location, Mach 2.5, ANSR.

results were obtained for a fully turbulent boundary layer, although
there is some evidence from the experimental program to indicate
laminar � ow over a portion of the body, particularly near the nose.
The computational results are within the scatter of the experimen-
tal data for most of the c.g. positions although several of the cases
show an overprediction by as much as 30–40%. The predictions
show that determining the pitch-damping coef� cient directly from
the side moment due to lunar coning motion (which requires the
Magnus moment to be ignored) will result in errors of less than 5%
for this con� guration.

Finally, using the Magnus results and the side force and moment
due to lunar coning motion, predictionsof the pitch-dampingcoef-
� cients [Eqs. (7) and (9)] were made and compared with the pre-
dictions of the pitch-damping coef� cients obtained using a single
calculation utilizing combined spinning and coning motion. The
maximum difference between the two approaches was less than
0.1%, demonstrating the lack of coupling between spinning and
coning motionsover the rangeof coningrates, spin rates, and angles
of attack considered. (It is interesting to note that at higher angles
of attack, a nonlinear variation of Magnus moment with angle of
attack was predicted. Even at these angles of attack, no coupling
between the coning and spinning motions was observed.)

Conclusion
A computational approach for predicting the pitch-damping co-

ef� cients using steady coning motion has been successfullyapplied
to several axisymmetric shell con� gurations. Through the use of
a combined spinning and coning motion, the pitch-damping force
and moment have been obtained directly from the side force and
moment using a single calculation. This approach does not require
that the Magnus force or moment be ignoredor determined from an
auxiliary calculation, as in the case of lunar coning motion.

The computational predictions for the SOC and SOCBT con-
� gurations showed good agreement with results obtained with a
previously published inviscid code. The results showed an increas-
ing trend in the pitch-damping coef� cient with increasing length-
to-diameter ratio and a decreasing trend in the coef� cient with
increasingMach number.The presenceof the boattailon the projec-
tile produced a signi� cant reduction in the pitch-damping moment
compared with an equivalent length cylindrical afterbody.The pre-
dictionsof the pitch-dampingforce and moment coef� cients for the
ANSR were seen to be in excellent agreement with the data ob-
tained from aerodynamic range testing. The computational results
predicted the correct variation in the pitch-damping moment coef-
� cient with changing c.g. location, body length, and Mach number.
For each of the con� gurations examined, the effect of viscosity on
the pitch-damping coef� cients was small.

The use of the combined spinning and coning motion is cur-
rently being applied to time-marching codes for the prediction of
pitch-dampingat subsonicthroughlow supersonicvelocities.In this
velocity regime, it is expected that viscous effects will be of greater
importance than in the supersonic regime.
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